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A possibility to detect correlations between two quantum mechanical systems only from the 
information of a subsystem is investigated. For generic cases, we prove that there exist correlations 
between two quantum systems if the time-derivative of the reduced purity is not zero. Therefore, an 
experimentalist can conclude non-zero correlations between his/her system and some environment 
if he/she finds the time-derivative of the reduced purity is not zero. A quantitative estimation of 
a time-derivative of the reduced purity with respect to correlations is also given. This clarifies the 
role of correlations in the mechanism of decoherence in open quantum systems. 
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I. INTRODUCTION 

In many contexts in physics, it is important to 
know the existence (or absence) of correlations [l| of 
a system of interest S and its environment E (an- 
other unknown system). For example, in order to 
achieve a successful quantum information process- 
ing, quantum communication or quantum mechani- 
cal control, one has to manage system-environment 
correlations which may enhance the decoherence of 
the states of the system. However, in many cases, 
we know neither the structure of the environment 
nor the nature of the interaction of the system. Un- 
der these circumstances, one has to detect possible 
correlations between S and E, only from the mea- 
surements of the system S, not from those of the 
total system S + E. To do this, if an ensemble of 
independently identical systems is available, the fol- 
lowing well-known criterion for quantum systems 
can be applied: 

(A) If the system 5 is in a pure state, then 
S has no correlations with any other environ- 
ment E. 

From this statement, an experimentalist can safely 
conclude no correlations with any environment if 
he/she found his/her (reduced) state in a pure state. 
Indeed, some of the unconditional security proofs 
of quantum cryptography partially rely on this fact 
[1], where an unknown eavesdropper is assumed to 
prepare any environment and do anything which is 
physically allowed. 

Unfortunately, statement (A) is unavailable when 
the reduced state is in a mixed state. Indeed, then, 
any static property of a subsystem cannot provide 
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the information of the correlation, since the same 
reduced mixed states can be generated from the to- 
tal states with and without the system-environment 
correlations Q. Therefore, in such cases, we would 
need to use dynamical information as well. Here 
what we would like to discuss and try to show is the 
following statement: 

(B) If the time derivative of the purity of S 
is not zero at time t ~ t^, there exist non- 
zero correlations with a certain environment 
at that time. 

If this statement is universally true, this makes an 
experimentalist possible to confirm non-zero corre- 
lations with some environment if he/she found the 
time derivative of the purity is not zero 0] . The pur- 
pose of this paper is to investigate statement (B) for 
arbitrary quantum mechanical systems Q under the 
usual postulates for (open) quantum mechanics (see, 
for instance 0, BQ), which include the foUowings: 

(i) [State space] For any quantum mechanical 
system S, there exists a separable Hilbert space Tis- 
Any state of S is represented by a density operator 
PS — a positive trace class operator on Tis with unit 
trace. 

The purity Ps for ps is defined by 

Ps = TtsIpI}. (1) 

(ii) [Composite system] Let S and E be quan- 
tum mechanical systems with Hilbert spaces Tis and 
JiE- The composite system S + E is associated with 
the tensor product Hilbert space Tis ®T-Le- 

For a total density operator ptot on Tis ®He, the 
reduced states ps and pE for S and E are given by 
Ps = Tr_E{ptot} and pE = Trsiptot} where Trs and 
Tr^; are the partial traces with respect to S and E, 
respectively. (In the following, ps and ps always 
represent the reduced density operators on S and 
E from the total density operator ptot-) No correla- 
tions in a density operator ptot on S-\-E equivalently 
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means that ptot is given by a tensor product of the 
reduced density operators of the two subsystems: 



Ptot ^ PS® Pe- 



(2) 



(iii) [Evolution] A quantum system S is dynami- 
cally isolated or open, and without or with a certain 
environment E, the dynamics of S is eventually de- 
scribed by the von Neumann equation (Schrddinger 
equation) on the total system. Namely, there exists a 
self-adjoint Hamiltonian H on 'Hs ®7iE with which 
the von Neumann equation holds: 



d 

iri—ptot\t) 
at 



[H,Ptot{t)l 



(3) 



where ptot{t) is a density operator on Jis^HE 0,1- 
time t. (In the following, we set Planck's constant 
h to be 1.) 

Notice, however, that there appears a domain- 
problem when H is an unbounded operator • To 
avoid the problem, it is generally adopted in the ax- 
iomatic approach of quantum mechanics that the dy- 
namics is governed by a unitary time evolution: 



Ptotit) = UtPtotU} 



(4) 



where ptot is an initial density operator at t = and 
Ut is a unitary operator given by Ut ~ e~*^* (for 
a time- independent Hamiltonian H). Then, for any 
density operator ptot, the dynamics ([4]) is applied 
without any problem such domain-problem. In 
this paper, we assume a unitary dynamics ^ for an 
isolated quantum system. 

In a formal analysis, statement (B) for quantum 
mechanical systems can be proved in the following 
way: Let the time-derivative of the purity of a quan- 
tum system S sX t ^ to is not zero. Since the pu- 
rity docs not change in an isolated system, S should 
be an open system interacting with some environ- 
ment E. Let iJ be a self-adjoint Hamiltonian on 
Ti.S®'HE which reads the von Neumann equation 
([3]) . Assume that there are no correlations at t = to, 
namely the initial density operator takes a product 
form Ptot = PS ® Pe- Then, from the von Neumann 
equation, we observe. 



^5(^0) ^ 



= 2Tr5|psW^Ps(i) 

= -2iTis{psT^^E[H,ps®PE]} 

= -2iTTsE{ps®lE[H,ps® Pe]} 

= 0, (5) 

where the cyclic property [ll| of the trace Ttse has 
been used to estimate the last equality. Therefore, 
by contradiction, we conclude that ptot has non-zero 



correlations at t = to- (In the following, the no- 
tation of the Newton's difference quotient such as 

P'glto) = jtPs{t) will be used.) It is worthy 

t — to 

to notice that, although use has been made of a 
Hamiltonian in the proof, experimentalists do not 
have to know anything about environments includ- 
ing the way how they are interacting with their sys- 
tems. Instead, only thing they have to believe is the 
postulates of quantum mechanics such as postulates 
(i),(ii), and (iii). 

Estimation ([5]), however, is still rough without suf- 
ficient mathematical rigor, especially for the case of 
infinite dimensional Hilbert spaces. Moreover, if the 
Hamiltonian is described by an unbounded opera- 
tor, we have to deal with the domain carefully, which 
makes the statement quite non-trivial. In the follow- 
ing, we discuss the validity of statement (B) includ- 
ing infinite dimensional Hilbert spaces in a careful 
manner. In Sec. |TT1 we provide a rigorous version 
of statement (B) and show more general statement 
(Theorem [IJ in the case of bounded Hamiltonians, 
which quantitatively generalize statement (B). This 
shows how purity changes under the existence of cor- 
relations, and hence clarifies the role of correlations 
in the mechanism of decoherence in open quantum 
systems. In Sec. lIIIl we discuss statement (B) in the 
case of unbounded Hamiltonians and show a cer- 
tain counter example. Finally, we slightly modify 
the statement (B) to be correct (Theorem[3]) for the 
case of unbounded Hamiltonians. This is done by 
adding an assumption of a finite variance of a total 
energy, and hence we conclude that statement (B) 
is universally valid for all the generic cases. Sec. IIVI 
closes the paper with some concluding remarks and 
discussion. 



II. THE CASE OF BOUNDED 
HAMILTONIANS — QUANTITATIVE 
ESTIMATION OF STATEMENT (B) 

In this section, we discuss statement (B) including 
infinite dimensional cases with mathematical rigor, 
but for the case of bounded Hamiltonians. We ob- 
tain a useful theorem which generalizes statement 
(B) in a quantitative manner (Theorem[lI. As usual 
when discussing open quantum systems [8| , we shall 
divide a total Hamiltonian H into the sum of free 
Hamiltonians Hs and He for systems S and E and 
an interaction Hamiltonian Hint- 



H = Hs(E)Ie +H,„t + Is ®He. 



(6) 



We assume Hs, He and Hint are bounded self- 
adjoint operators on 7^5, 'He^ and 'Hs ® He, respec- 
tively, and hence H is also a bounded self-adjoint 
operator on Hs ® He- 
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In order to quantify correlations between S and E 
in a state ptot-, we use quantum mutual information 

I{ptot) = Tr^B {ptot fog Ptot - Ptot logps ® Pe} , 

where ps and pE are reduced density operators on 
S and E, respectively Notice that I{ptot) > 0, and 
Ijptot) iff Ptot has no correlations. Notice also 
that 

llptot - PS ® PeIIi < 2/(ptot), (7) 

where || • ||i is the trace norm = 

Trs£;|VVFtM^} 

For any density operator ptot on 'Hs (^He, we de- 
fine the correlation operator pcor (l6| by 

PcoT = Ptot- Ps® Pe, (8) 

which is a trace class operator on Tis ®T-Ie- By def- 
inition, it holds that pcor = iff ptot has no correla- 
tions with a product form ([2]). Since ^t:e{ps®Pe} = 
Ps, it follows 

TrE{pcor} - 0. (9) 

We have the following quantitative estimation of a 
time-derivative of the reduced purity: 

Theorem 1. Let S and E be quantum mechanical 
systems where the total system S + E is a closed 
system. Let H he a total Hamiltonian and ptot be 
a density operator at t = t^. If H is bounded with 
the form then the reduced purity Ps{t) is time- 
differentiable at t = to and 

P'sito) = -2iTTsE{pS®lE[H^nt,Pcor]}- (10) 

The absolute value of the time-derivative is bounded 
from above by 

\Ps{to)\ < 2\\ps\\ \\[H,nt,Pcor]\\i, (Ha) 

< M\H.nt\\ WPcorWl, (lib) 

< 8\\H,nt\\I{ptot), (lie) 

where \ \ ■ \ \ denotes the operator norm flJl L 

Proof. Notice that [H,ptot{t)] is a trace class op- 
erator due to an ideal property of trace class opera- 
tors [l3l and the von Neumann equation Q holds @ 
for any density operator where the time derivative is 
defined with respect to the trace norm. Therefore, 
by observing the inequalities [llj : 

\Tr{Ap}\ < \\Ap\\,<\\A\\ IIpIIi, 

(VA e Bin), P e Tin)), (12) 

and \ \psit)®lE\ \ < 1 m, Psit) is differentiable for 
any time t and we have 

P^(0) = -2i TrsE {ps ® Ie[H, ptot]} ■ 



By the cyclic property of the trace [l9| . 
it follows Trs_E {ps ® Ie[H, ps ® Pe]} = 
TrsE {[ps ® Pe, Ps ® Ie]H} = 0, and therefore, we 
have 

P'siO) = -2iTrsE {ps ®Ie[H, Pcor]} ■ 

Moreover, since Tise {ps ® Ie[Hs Is, Pcor]} = 
Tts{ps[Hs, Tie Pcor]} = from ©, and Ttse{ps® 

lE[ls®HE,Pcor]} = TTSE{[psmE,Is ®HE]pcor} = 

again by the cyclic property of the trace, we ob- 
tain (Uni). From inD, [Hint, Ptot] € Tins ® Hs) and 

\\ps®Ie\\ = WpsW, we have 

1/^5(0)1 <2||P5|| m,r.t,Pcor]\\l. 

The second inequality ()llb|) follows from the triangle 
inequality for the trace norm, ||ps|| l£ Ij and again 
P^ . The third inequality pic)) follows from 

QED 

Theorem [1] provides a quantitative estimation of a 
time-derivative of the reduced purity in terms of the 
amount of correlations /(ptot) and the strength of in- 
teraction ||i?mf|| 0. It is worth to notice that the 
inequalities (jlip s include the following well-known 
fact the purity of system does not change with- 
out an interaction with an environment. Indeed, ex- 
perimentalists usually confirm the existence of an 
interaction between the system and some environ- 
ment, if they find the reduced purity not to be con- 
stant. However, not only that, pTjl s imply that cor- 
relations play an essential role in changing the purity 
even in the existence of an interaction. Moreover, 
Eq. ([TU)) implies that the commutator between the 
interaction Hamiltonian and the correlation opera- 
tor is essential for the changes of purity, or decohcr- 
ence. 

From Theorem [l] we obtain a rigorous version of 
statement (B): 

Theorem 2. With the same assumptions as in The- 
orem [IJ if there are no correlations at t = ig- 
Ptot = Ps ® Pe, then Psit) is time- differentiable 
at t = to and Pgito) = 0. In other words, if the 
time-derivative of the reduced purity is not zero, then 
there exists a non-zero correlation between S and E 
at that time. 

Proof. Since ptot = Ps ® Pe implies pcor = 0, we 
have Pgito) = from inequality pia|l . QED 

It should be noticed that the opposite statement 
does not generally true. (For instance, if Hint = 0, 
we have P'sito) = even in the presence of correla- 
tions.) Therefore, it is incorrect to infer no correla- 
tions when the time-derivative of the reduced purity 
is zero. Notice also that the above theorems do not 
contradict with the results in Ref. [IJ where we have 
shown that an effect of an initial correlation does not 
appear in van Hove's limit (the weak coupling limit) 
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and therefore system S behaves as if the total sys- 
tem started from the factorized initial state. Indeed, 
this is true only for the van Hove time scale r = A^i 
where A ^ 1 is a coupling constant, and in much 
shorter time scales than r, we can find a difference 
between no correlations and non-zero correlations as 
wc have seen in the above Theorems. (See also [iBl 
for an effect of an initial correlation.) 



III. THE CASE OF UNBOUNDED 
HAMILTONIANS — COUNTER EXAMPLES 
OF STATEMENT (B) 

In the previous section, wc have confirmed that 
statement (B) is universally true for any bounded 
Hamiltonian. However, Hamiltonians are generally 
unbounded, especially from above, like that of the 
harmonic oscillator. Notice that, although the quan- 
titative estimation pT|) in Theorem [1] turns out to 
be trivial when ||iJi„f|| ~ oo, we may still expect 
the validity of Theorem [21 i.e., statement (B). In 
this section, we discuss statement (B) in the case 
of unbounded Hamiltonians. However, as we shall 
see below, the statement itself can be generally bro- 
ken down. In the following, we provide a counter 
example of statement (B). 

[Counter Example of statement (B)] 

Let our system be described by Hs — Hsi ^ Hs^ 
where Tisi ^ separable Hilbert space with an infi- 
nite dimension, and Tis2 is a 2 dimensional Hilbert 
space, — C^. (For instance, it is a system of 
a non-relativistic electron with spin 1/2.) To avoid 
a technical complexity, we use the simplest environ- 
ment T-Ce — C^; which is also a 2 dimensional Hilbert 
space. 

Assume that initially the total system is in a state 
Ptot ~ Ps ® Pe which has no correlations, where 

oo 

PS = ^Pn\<i)n){(t>n\®\si){si\, Pfi = 1 61 ) (ei | , (13) 
n=l 

with pn > 0, 'Yl^=iPn — 1; and orthonormal bases 

{|0n)}^=l, {\Sn)}l=l. and {\en)}l=i of 7^5i, 

and T-Ie, respectively. 

We use the following Hamiltonian i7, whose spec- 
tral decomposition reads 

00 4 

n=l k=l 

with eigenvalues (point spectra) /i„i = 0, /i„2 = 
hni = hn,hnA = 2/i„ with /in > (n e N), where 
{IXfe)}fc=i is an orthonormal basis of 1-132® He 



given by 

Ixi) ^ ■^{\sx®ei)+i\s2®e2)), 

1X2) = |S2 ® ei), |x3> = |si ® 62), 

1X4) = -^(|si (g) ei) - i|s2 (g) 62)). 

By the above spectral decomposition, it is easy to 
see that H is a. positive self-adjoint operator on 
Hs^He, which is unbounded when the sequence 
{hn} is not bounded from above. The time evolu- 
tion map Ut — cxp(— i_fft) is given by 

00 

where = |xi)(xi| +e-*''"*(|x2) (X2I + |X3> (xsl) + 
e-'^''"*\Xi){xil By (HH) we have 

Ptot{t) = UtPtotU} 
n=l 

where |X"si g) ei) = e~*''"*(cos(/i„t)|si (g) ei) — 
sm{hnt)\s2 (g 62))- By taking a partial trace 
over E, we have ps{t) = J2'!^=iPn\<l>n){(l>n\ x 
(cos^(/i„t)|si)(si|+sin^(/i„t)|s2)(s2|). From this, we 
obtain an analytical form of the reduced purity: 

oc 

Ps{t) = Y^Pni'^^'^^i'^nt) + sin4(M)) 

n=l 

= PsiO)-lY{PnSm{'2hnt)f 

00 
n=l 

where ^5(0) = J2^=iPn- Therefore, if the infinite 
sum in (|14p and the time-derivative is commuta- 
tive, wc obtain ^5(0) = and statement (B) holds. 
For instance, let Pn = and /i„ = with a 
unit of energy Eq. Then, since | J^p^ cos[4/i„f;]| = 

\ "Eosin[nEot] ^ ^ nE^ E"=l ^ < 0°. 1* Al- 

lows that X^J^i -Pn '^os[4/i„t] is differentiable with 
respect to t and we have ^ X^J^i cos[4/i„i] = 
5^^^ 4p^/i„ sin[4/i„t]. Hence, this example satisfies 
statement (B) even in the case of unbounded Hamil- 
tonians. See FIG. [1] (a). (In the following, we set E'q 
to be 1. ) 

However, we can construct a counter example of 
statement (B) in the sense that Ps{t) is not differ- 
entiable with respect to t at < = even when an 
initial state is given in a product form. We provide 
an interesting example that Ps{t) is continuous but 
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FIG. 1: Time evolution of the reduced purity (|14p for 
(a) p„ = ^, /i„ = I and (b) p„ = ^,hn = with 
a unit of time uiq = h/Eg. Notice that in both cases the 
Hamiltonians are unbounded from above. One sees the 
flat time derivative at f = in (a) which makes statement 
(B) to be true, while one sees non-differentiability in (b) 
which breaks down statement (B). 



not difFerentiablc at anytime t by connecting the re- 
duced purity to the so-called Weierstrass function 
f{t; a, b) Hf , defined by 



f{t;a,b) = Va"cos(6"7ri), 



n=0 



with two parameters < a < 1 and positive odd 
integer h satisfying ab > ^tt. It is known that the 
function is continuous everywhere but difFerentiablc 
nowhere with respect to t. From the form of (|14p . 
a proper choice of p„ and for instance, Pn = 
hn = ^^Ti", makes Psit) an essentially Weierstrass 
function: 



Ps{t) = -(l-cos(^t) + /(t;-,25)). 



(15) 



(See FIG.[T](b).) This provides a counter example of 
statement (B). Namely, even with a product initial 
state, a time derivative of the purity is not necessar- 
ily zero; though this case just provides a case of a 
non-existence of the time-derivative. 

Therefore, in the case of unbounded Hamiltonians, 
we need to modify our statement (B). Indeed, the 
following weaker statement can be proved to be true: 



Theorem 3. Let H be a self-adjoint Hamiltonian 
bounded from below, but not necessarily bounded 
from above. Let ptot be a density operator at t = tQ. 
If the variance of H with respect to ptot is 
finite, then 



Ptot = Ps'» Pb 



Psito) = 0. 



The assumption of the boundedness of the Hamil- 
tonian from below is physically required so that the 
system to be stable. Hence, even when the Hamilto- 
nian H is unbounded, statement (B) is correct pro- 
vided that the total state has a finite variance of 
H. In fact, it is easy to see that the variance of H 
is infinite for the initial state used for the counter 
example in p^ . 

To avoid redundant technical difficulties when 
dealing with unbounded Hamiltonians, in the 
present paper, we do not give a proof of Theorem 
|3l Instead, we just notice the foUowings: First, a 
finiteness of the variance of H with respect to a 
pure state pt^t = is equivalent to that 1-0) 

is in the domain of H. Therefore, from the mathe- 
matical point of view, the assumption of a finiteness 
of the variance of H allows us to avoid a domain- 
problem for unbounded operators. Second, the von 
Neumann equation holds when the variance of H is 
finite, which is the essential reason for the Theorem 
|3]to be correct We plan to discuss and provide 
a systematic investigation for the case of unbounded 
Hamiltonians in the forthcoming paper, including a 
complete proof of Theorem [3l 



IV. CONCLUDING REMARKS AND 
DISCUSSION 

We have discussed the problem how one can detect 
possible correlations between the system of interest 
S and an environment from the knowledge (by ob- 
servations) of the system S only. We conjectured 
statement (B), from which one can conclude non- 
zero correlations with some environment when the 
time derivative of the reduced purity is not zero. In 
some sense, it is a counterpart of statement (A); one 
can conclude no correlations when the reduced pu- 
rity is 1 using statement (A) , while one can conclude 
correlations when the time derivative of the reduced 
purity is not zero. For instance, an experimental- 
ist first can use statement (A), and if his/her state 
is in a pure state, he/she can conclude no correla- 
tions. If the state is in a mixed state, then he/she 
can use statement (B) and check the time-derivative 
of the purity. If the time-derivative is not zero, 
he/she can conclude the existence of correlations, 
provided that statement (B) is universality true. In 
this paper, we have investigated the validity of state- 
ment (B) for arbitrary quantum mechanical systems. 
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When the total Hamiltonian is bounded, we proved 
it to be universaUy correct (Theorem [2]), by giving a 
more general statement (Theorem [T]) which quanti- 
tatively implies statement (B). Theorem [1] also clar- 
ifies the cause of a purity-change (decohcrcncc) due 
to an interaction and correlations. However, when 
the total Hamiltonian is unbounded, we have also 
shown a counter example of statement (B). In the 
example, the reduced purity evolves essentially as 
a Weierstrass function even with a product initial 
state, whence the differentiability of the reduced pu- 
rity has been broken down in statement (B). There- 
fore, a certain modification is necessary for state- 
ment (B). If one considers a state with a finite vari- 
ance of energy as a natural realization in nature, 
one can conclude the universality of statement (B) 
for all the generic states in that sense. However, 
considering our original goal to estimate a possible 
correlation, especially for the situation where we do 
not know anything about environment (other than 
our theoretical knowledge of quantum theory), it is 
preferable to assume nothing additional for an en- 
vironment [2^ 1. In order for this, another plausible 
conjecture will be 

Conjecture 1. 

3 P'siO) and P^(0) ^ ^ ptot ^ Ps ® PB- 



If this is correct, it turns out that one can con- 
clude non-zero correlations if one finds non-zero time 
derivative (including the differentiability) of the re- 
duced purity. In this direction, in the forthcom- 
ing paper, we will discuss statement (B) including 
a complete proof of Theorem [3] and an investigation 
of the above conjecture. Also the case of a quantum 
field by using an algebraic formalism of quantum 
fields [2^ will be presented elsewhere. 
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